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The possibility that the scale-invariant inflationary spectrum may be modified due to the hidden
assumptions about the Planck scale physics — dubbed as trans-Planckian inflation — has received
considerable attention. To mimic the possible trans-Planckian effects, among various models, mod-
ified dispersion relations have been popular in the literature. In almost all the earlier analyzes,
unlike the canonical scalar field driven inflation, the trans-Planckian effects are introduced to the
scalar/tensor perturbation equations in an ad hoc manner – without calculating the stress-tensor of
the cosmological perturbations from the covariant Lagrangian. In this work, we perform the gauge-
invariant cosmological perturbations for the single-scalar field inflation with the Jacobson-Corley
dispersion relation by computing the fluctuations of all the fields including the unit time-like vector
field which defines a preferred rest frame. We show that: (i) The non-linear effects introduce cor-
rections only to the perturbed energy density. The corrections to the energy density vanish in the
super-Hubble scales. (ii) The scalar perturbations, in general, are not purely adiabatic. (iii) The
equation of motion of the Mukhanov-Sasaki variable corresponding to the inflaton field is different
than those presumed in the earlier analyzes. (iv) The tensor perturbation equation remains un-
changed. We perform the classical analysis for the resultant system of equations and also compute
the power-spectrum of the scalar perturbations in a particular limit. We discuss the implications of
our results and compare with the earlier results.
PACS numbers: 98.80.Cq, 04.62.+v, 98.70.Vc
I. INTRODUCTION
Cosmological inflation is currently considered to be
the best paradigm for describing the early stages of the
universe [1, 2]. Inflation leads to the existence of a
causal mechanism for producing fluctuations on cosmo-
logical scales (when measured today), which at the time
of matter-radiation equality had a physical wavelength
larger than the Hubble radius. Thus, it solves several
conceptual problems of standard cosmology and leads to
a predictive theory of the origin of cosmological fluctua-
tions.
During inflation, the physical wavelength correspond-
ing to a fixed comoving scale decreases exponentially as
time decreases whereas the Hubble radius is constant.
Thus, as long as the period of inflation is sufficiently
long, all scales of cosmological interest today originate
inside the Hubble radius during inflation. Recently, it
has been realized that if inflation lasts slightly longer
than the minimal time (i. e. the time it needs to last
in order to solve the horizon problem and to provide
a causal generation mechanism for CMB fluctuations),
then the corresponding physical wavelength of these fluc-
tuations at the beginning of inflation will be smaller than
the Planck length. This is commonly referred to as the
trans-Planckian problem of inflation [3–5].
Naturally, considerable amount of attention has been
devoted to examine the possibility of detecting trans-
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Planckian imprints on the CMB [6–28]. Broadly, there
have been two approaches in the literature in order to
study these effects. In the first approach, the specific na-
ture of trans-Planckian physics is not presumed, but is
rather described by the boundary conditions imposed on
the mode at the cut-off scale. In the second approach,
which is of interest in this work, one incorporates quan-
tum gravitational effects by introducing the fundamental
length scale into the standard field theory in a particular
fashion.
In almost all the analyses performed so-far in the lit-
erature, the trans-Planckian effects are introduced into
the scalar and tensor perturbation equations in an ad
hoc manner. In the standard inflation, the scalar and
tensor perturbation equations are derived, from the first
principles, in a gauge-invariant manner [29, 30]. How-
ever in the trans-Planckian inflationary scenario, to our
knowledge, such a calculation has never been performed
and the scalar/tensor power spectrum, with the trans-
Planckian corrections, were obtained from the presumed
perturbation equations.
With the possibility of detecting the trans-Planckian
signatures in the current and future CMB experiments1,
it becomes imperative to obtain the scalar and tensor
perturbation equation from the first principles. (For re-
cent work on the trans-Planckian constraints from the
CMB, see Refs. [31–35].) In this work, we perform the
1 For the current status and developments of WMAP and
PLANCK, see the following URLs: http://map.gsfc.nasa.gov/,
http://astro.estec.esa.nl/SA-general/Projects/Planck
2gauge-invariant cosmological perturbation theory for the
single-scalar field inflation with the trans-Planckian cor-
rections. The model we shall consider in this work is a
self-interacting scalar field in (3 + 1)-dimensional space-
time satisfying a linear wave equation with higher spatial
derivative terms. The dispersion relation [ω = ω(k)] thus
differs at high wave-vectors from that of the ordinary
wave equation. Such a model breaks the local Lorentz
invariance explicitly while preserving the rotational and
translational invariance. The particular dispersion rela-
tion we shall study in detail is
ω2(k) = |~k|2 + b11|~k|4, (1)
where b11 is a dimensionfull parameter. b11 < 0 im-
plies subluminal group velocity, while b11 > 0 implies
superluminal group velocity. The above dispersion re-
lation is a subset of a general class of the form ω2 =
|~k|2[1 + g(|~k|/k0)], where g is a function which vanishes
as k0 → ∞, and k0 is a constant which sets the scale
for the deviation from Lorentz invariance. It has been
suggested that these general modified dispersion rela-
tion might arise in loop quantum gravity [36, 37], or
more generally from an unspecified modification of the
short distance structure of space-time (see for example
Refs. [38, 39]). Possible observational consequences have
also been studied. For an up-to-date review, see Refs.
[40, 41].
Even though the above dispersion relation breaks the
local Lorentz invariance explicitly it has been shown that
it is possible to write a Lagrangian for the above field
in a generally covariant manner, consistent with spatial
translation and rotation invariance, by introducing a unit
time-like Killing vector field which defines a particular
direction [11, 42, 43] (see Sec. (III) for more details).
In this work, we use such a framework in-order to obtain
the scalar/tensor perturbation equations for such a model
during inflation.
Using the covariant Lagrangian used in Ref. [42], we
obtain the perturbed stress-tensor for the scalar and ten-
sor perturbations about the FRW background. We show
that: (i) The non-linear effects introduce corrections to
the perturbed energy density while the other components
of the stress-tensor remains unchanged. (ii) The non-
linear terms contributing to the stress-tensor are pro-
portional to k2. Hence in the super-Hubble scales the
trans-Planckian contributions to the perturbed energy
density, as expected, can be ignored. (iii) The spatial
higher derivative terms appear only in the equation of the
motion of the perturbed inflation field (δϕ) and not in the
equation of motion of the scalar perturbations (Φ). (iv)
Unlike the canonical scalar field inflation, the perturba-
tions, in general, are not purely adiabatic. The entropic
perturbations generated during the inflation, however,
vanish at the super-Hubble scales. The speed of propa-
gation of the perturbations is a constant and is less than
the speed of light. (v) The tensor perturbation equation
remain unchanged indicating that the well-know consis-
tency relation between the scalar and tensor ratio will
also be broken in this model.
We obtain the equation of motion of the Mukhanov-
Sasaki variable corresponding to the inflaton field. We
show that the equation of motion derived from the gauge-
invariant perturbation theory is not same as those as-
sumed in the earlier analyzes [3–5]. Later, we combine the
system of differential equations into a single differential
equation in Φ and obtain the solutions for the power-law
inflation in different regimes. We also obtain the spec-
trum of scalar perturbations in a particular limit and
compare with the earlier results.
This paper is organized as follows: In the following
section, the theory of cosmological perturbations for the
canonical single scalar field inflation is discussed and es-
sential steps leading to the perturbation equation are re-
viewed. In Sec. (III), we discuss the general covariant
formulation of the Lagrangian describing the scalar field
with modified dispersion relation and derive the corre-
sponding stress-tensor. In Sec. (IV), we obtain the per-
turbed stress-tensor for the scalar and tensor perturba-
tions. In Sec. (V), we obtain the scalar perturbation
equation and the equation of motion of the Mukhanov-
Sasaki variable. In Sec. (VI), we perform the classical
analysis and obtain the form of the scalar perturbations
(Φ) in the various regimes. In Sec. (VII), we solve the
perturbation equations in a particular limit and obtain
the power-spectrum of the perturbations. Our results are
summarized and discussed in the last section. In Appen-
dices (A, B) we derive the equations of motion of the
fields in the FRW and perturbed FRW backgrounds. In
Appendix (C), we obtain the equation of motion of the
Bardeen potential in our model.
Through out this paper, the metric signature we adopt
is (+,−,−,−) [44], we set ~ = c = 1 and 1/(8πG) =
M2
Pl
. The various physical quantities with the over-line
refers to the values evaluated for the homogeneous and
isotropic FRW background. A dot denotes derivative
with respect to the cosmic time (t), a prime stands for a
derivative with respect to conformal time (η) and ,i de-
notes a derivative w.r.t space components. We follow the
notation of Ref. [30] to provide easy comparison.
II. GAUGE-INVARIANT PERTURBATION:
CANONICAL SINGLE FIELD INFLATION
In this section, we obtain the scalar and tensor per-
turbation equations for the canonical single scalar field
inflation. In the following subsection, we discuss key
properties of the perturbed FRW metric and the “gauge
problem” of the scalar perturbations. In the subsequent
subsections, we discuss the matter Lagrangian and pro-
vide key steps in obtaining the scalar/tensor perturbation
equations.
3A. Perturbed FRW metric
We consider perturbations about a spatially flat (3+1)-
dimensional FRW line element
ds2 = gµνdx
µdxν
= dt2 − a2(t) dx2 = a2(η) (dη2 − dx2) , (2)
where t is the cosmic time, a(t) is the scale factor and
η =
∫
[dt/a(t)] denotes the conformal time. H is the
Hubble parameter given by H ≡ a˙/a while H ≡ a′/a is
related to the Hubble parameter by the relationH = H a.
At the linear level, for the canonical single scalar field
inflation, the metric perturbations (δgµν) can be catego-
rized into two distinct types — scalar and tensor pertur-
bations. Thus, the perturbed FRW line-element can be
written as
ds2 = a2(η)
[
(1 + 2φ)dη2 − 2∂iBdxidη (3)
− [(1− 2ψ)δij + 2∂i∂jE + hij ] dxidxj
]
,
where the functions φ, B, ψ and E represent the scalar
sector whereas the tensor hij , satisfying h
i
i = ∂
ihij = 0,
represent gravitational waves. Note that all these first-
order perturbations are functions of (η,x). For conve-
nience, we do not write the dependence explicitly.
The tensor perturbations do not couple to the energy
density (δρ) and pressure (δp) inhomogeneities. However,
the scalar perturbations couple to the energy density and
pressure which lead to the growing inhomogeneities. At
the linear level, the two types of perturbations decouple
and can be treated separately.
The scalar and tensor perturbations have four and two
degrees of freedom respectively. In the case of tensor
perturbations, the two degrees of freedom correspond
to the two polarizations of the gravitational waves and
hence are physical. The scalar perturbations suffer from
the gauge problem. (For a detailed discussion, see Refs.
[29, 30].) However, it is possible to construct two gauge
invariant variables, which characterize the perturbations
completely, from the metric variables alone i. e.,
Φ ≡ φ+ 1
a
[(B − E′)a]′, Ψ ≡ ψ −H(B − E′) . (4)
Physically, Φ corresponds to the Newtonian gravitational
potential and is commonly referred to as the Bardeen
potential while Ψ is related to the perturbations of the
3-space. For the single canonical scalar field scenario, we
have Φ = Ψ.
Φ and Ψ are related to the pressure and density pertur-
bations of a generic perfect fluid via the perturbed Ein-
stein’s equations. The pressure perturbations, in general,
can be split into adiabatic and entropic (non-adiabatic)
parts, by writing
δp = c2sδρ+ p
′Γ , (5)
where c2s ≡ p′/ρ′ is the adiabatic sound speed [45–47].
The non-adiabatic part is δpnad ≡ p′Γ, and
Γ ≡ δp
p′
− δρ
ρ′
. (6)
The entropic perturbation Γ, defined in this way, is
gauge-invariant, and represents the displacement be-
tween hyper-surfaces of uniform pressure and uniform
density. In the context of canonical single scalar field
inflation, only adiabatic perturbations are present, i. e.,
δp = c2sδρ (where c
2
s = 1) or Γ = 0. However, as we shall
see in the later sections, the trans-Planckian inflationary
scenario introduces entropic perturbations as well.
B. Canonical scalar field
The dominant matter component during inflation is a
spatially homogeneous canonical scalar field ϕ(η) (infla-
ton). The Lagrangian density for the canonical scalar
field ϕ(η, x) propagating in a general curved background
is given by
Lϕ = 1
2
gµν ∂µϕ∂νϕ− V (ϕ) , (7)
where V (ϕ) is the self-interacting scalar field potential.
The equation of motion and the stress tensor of the scalar
field (ϕ) in the conformally flat FRW background (2) are
given by
ϕ′′ + 2Hϕ′ −∇2ϕ+ a2 V,ϕ(ϕ) = 0 , (8)
T µν
(ϕ) = ∂µϕ∂νϕ−
[
1
2
∂αϕ∂βϕ− V (ϕ)
]
δµν , (9)
where V,ϕ = (dV (ϕ)/dϕ) and ∇2 refers to the Laplacian
in the flat space.
Let us consider a small inhomogeneous quantum fluc-
tuations on top of a homogeneous and isotropic classical
background. For the scalar field, we have
ϕ(η,x) = ϕ(η) + δϕ(η,x) , (10)
where one assumes that the perturbation δϕ is small.
The perturbed scalar field (δϕ) and the perturbed stress-
tensor of the scalar field (δT µν
(ϕ)), like the other scalar-
type perturbation functions (φ,B, ψ,E), suffer from the
gauge problem. (For a detailed discussion, see Refs. [29,
30].) Similar to Eq. (4), it is possible to define a gauge-
invariant quantity for the perturbed scalar field and the
perturbed stress-tensor, i. e.,
δϕ(gi) ≡ δϕ+ ϕ′(B − E′) , (11)
δT 00
(gi) ≡ δT 00 + T 00
′
(B − E′) ,
δT ji
(gi) ≡ δT ji + T ji
′
(B − E′) , (12)
δT i0
(gi) ≡ δT j0 +
(
T 00 −
1
3
T ji
)
(B −E′),i .
Separating the homogeneous and perturbed part from
Eq. (8), we have
ϕ
′′
+ 2Hϕ′ + a2V,ϕ = 0 , (13)
δϕ(gi)
′′
+ 2H δϕ(gi)′ −∇2
(
δϕ(gi)
)
(14)
+V,ϕϕ a
2 δϕ(gi) − 4ϕ′Φ′ + 2V,ϕ a2Φ = 0 .
4Similarly, separating the homogeneous and perturbed
part in the stress-tensor (9), we get
T 00
(ϕ) =
1
2
(
ϕ′2
a2
+ V (ϕ)
)
;−T ij (ϕ) =
1
2
(
ϕ′2
a2
− V (ϕ)
)
δij(15)
(gi)δT 00
(ϕ)
= a−2
[
−ϕ′2Φ + ϕ′δϕ(gi)′ + V,ϕa2δϕ(gi)
]
,
(gi)δT 0i
(ϕ)
= a−2ϕ′δϕ
(gi)
,i , (16)
(gi)δT ij
(ϕ)
= a−2
[
ϕ′
2
Φ− ϕ′δϕ(gi)′ + V,ϕa2δϕ(gi)
]
δi
j
.
C. Scalar and Tensor Perturbation equations
In the earlier subsections, we obtained the
gauge invariant variables related to the scalar field
(δϕ(gi),(gi) δT µν
(ϕ)) and metric perturbations (Φ,Ψ). In
this subsection, we outline the essential steps leading to
the scalar and tensor equations of motion. Even though,
this is a standard result, and can be found in numerous
review articles (see, for example, Refs. [29, 30]), we have
given here the key steps for future reference.
From Eq. (16), it is easy to see that the non-diagonal
space-space components of the stress-tensor are absent.
This leads to the condition that Φ = Ψ. Thus, the Ein-
stein’s equations for the perturbed FRW metric (3) in
terms of the gauge invariant quantities are:
∇2Φ− 3HΦ′ − 3H2Φ = 1
2M2
Pl
a2 δT 00
(gi)
(17a)
(aΦ)′,i
a
=
1
2M2
Pl
a2 δT 0i
(gi)
(17b)
Φ′′ + 3HΦ′ + (2H′ +H2)Φ = 1
2M2
Pl
a2 δT ii
(gi)
, (17c)
where δT µν
(gi) is given by Eq. (16). The three perturbed
Einstein’s equations can be combined to form a single
differential equation in Φ:
Φ
′′ −∇2Φ+2
(
H− ϕ
′′
ϕ
′
)
Φ
′
+2
(
H′ −Hϕ
′′
ϕ
′
)
Φ = 0 . (18)
The system of perturbation equations (18, 17b, 14) is
quite complex. In order to extract the physical content
more transparent, these equations are expressed in terms
of two new variables – Q and u – which are linearly re-
lated to Φ and δϕ(gi), i. e.,
Q = a
[
δϕ+ ϕ′
ψ
H
]
; u =
a
ϕ′
Φ . (19)
Q is a gauge-invariant (Mukhanov-Sasaki) [29, 30] vari-
able whose equation of motion is homogeneous. This en-
sures that one can quantize Q in the standard way using
the Lagrangian associated with its equation of motion.
At the early stages of inflation where the quantum ef-
fects are important, the equation of motion of Q helps
in quantizing the fields and fixing the initial conditions.
However, at the end stages of inflation where the rele-
vant modes have crossed the Hubble radius and behave
classically, it is easier to analyze the equation of motion
of u.
The equation of motion of Q is derived as follows: Sub-
stituting δϕ in terms of Q in Eq. (14), and using the
relations (18, 13, 17b), we get:
Q′′ − ∇2Q− z
′′
z
Q = 0 , (20)
where
z =
a (H2 −H′)1/2
H cs = a
ϕ¯′
H . (21)
The equation of motion of u is obtained by substituting
the transformation (19) in Eq. (18):
u′′ − ∇2u− θ
′′
θ
u = 0 , (22)
where
θ =
H
a
[
2
3
(H2 −H′)
]−1/2
=
H
aϕ¯′
. (23)
Q is related to another gauge-invariant quantity ζ(≡
−(H/ρ′)δρ+ψ) by the relation Q = 2cs zζ. The quantity
ζ is time-independent on scales larger than the Hubble
radius and, more importantly, related to the large scale
CMB anisotropies (via the Sachs-Wolfe effect) [2].
Decomposing Q into Fourier space, we have
µ′′
S
+
[
k2 − z
′′
z
]
µ
S
= 0 , (24)
where k = |k| and µ
S
= −Qk = −2cs zζ. The above
equation is similar to a time-independent Schro¨dinger
equation where the usual role of the radial coordinate
is now played by the conformal time whose effective po-
tential is U
S
≡ z′′/z [48, 49]. The scalar perturbation
spectrum per logarithmic interval can then be written in
terms of the modes µ
S
as
[
k3 PS(k)
]
=
(
k3
2π2
) ( |µ
S
|
z
)2
, (25)
and the expression on the right hand side is to be evalu-
ated when the physical wavelength (k/a)−1 of the mode
corresponding to the wavenumber k equals the Hubble
radius H−1.
Before proceeding to the next section, we obtain
the tensor perturbation equation in the FRW back-
ground. As we mentioned earlier, the tensor perturba-
tions hij(η,x) do not couple to the energy density. These
represent free gravitational waves and satisfy the equa-
tion:
µ
′′
T
+
(
k2 − a
′′
a
)
µ
T
= 0 . (26)
5where µT ≡ a hk. This equation is very similar to
the corresponding equation (24) for scalar gravitational
inhomogeneities, except that in the effective potential
(U
T
≡ a′′/a) the scale factor a(η) is replaced by z(η).
III. MODIFIED DISPERSION RELATION
LAGRANGIAN
In this section, we briefly discuss the general covari-
ant formulation describing a scalar field with modified
dispersion relation and derive the corresponding stress-
tensor.
As discussed in the introduction, to keep the calcula-
tions tractable, we will assume that the scalar field with
the high frequency dispersion relation is of the form
ω2 = |~k|2 + b
11
|~k|4 , (27)
where b
11
> 0. The above dispersion relation breaks the
local Lorentz invariance explicitly while it preserves ro-
tational and translational invariance. Even though, the
modified dispersion relation breaks the local Lorentz in-
variance explicitly, it was shown in Ref. [50] that a co-
variant formulation of the corresponding theory can be
carried out by introducing a unit time-like vector field uµ
which defines a preferred rest frame.
A. Covariant Lagrangian
The action for a scalar field with the modified disper-
sion relation takes the form [11, 50]
S =
∫
d4x
√−g (Lϕ + Lcor + Lu), (28)
where Lϕ is the standard Lagrangian of a minimally cou-
pled scalar field given by Eq. (7). The last two terms
— Lcor and Lu — contribute to the modified dispersion
relation of the scalar field. L
cor
corresponds to the non-
linear part of the dispersion relation while Lu describes
the dynamics of the vector field uµ. The two corrective
Lagrangians have the form
Lcor = −b11
(D2ϕ)2 , (29a)
Lu = −λ(gµνuµuν − 1)− d1FµνFµν , (29b)
where
Fµν ≡ ∇µ uν −∇ν uµ , (30)
D2ϕ = ⊥αβ ∇α∇βϕ+ uα∇αϕ∇βuβ , (31)
⊥µν ≡ −gµν + uµuν . (32)
The covariant derivative associated with the metric gµν
is ∇µ while b11 and d1 are arbitrary (dimensional) con-
stants. The tensor ⊥µν gives the metric on a slice of fixed
time while D2 is proportional to the Laplacian operator
on the same surface. The fact that uµ is a unit time-like
vector (uµuµ = 1) is enforced by the Lagrange multiplier
λ. In the above, b11, d1 have the dimensions of inverse
mass square and mass square, respectively while uµ is
dimensionless.
The equation of motion for ϕ and uµ obtained by vary-
ing the action (28), respectively, are
∇µ∇µϕ+ V,ϕ = 2b11
[∇µ (D2ϕuµ∇νuν) (33)
−∇µ∇ν
(D2ϕ ⊥µν)] ,
2d1∇νF νµ − λuµ = −b11
[∇µ (D2ϕuν∂νϕ) (34)
− ∇µ∇νϕuνD2ϕ−∇ν (∇µϕuν)D2ϕ
]
.
From the above equation, we get
λ = b
11
uµ
[∇µ (D2ϕuν∂νϕ)−∇µ∇νϕuνD2ϕ (35)
−∇ν (∇µϕuν)D2ϕ
]
+ 2d1uµ∇νF νµ .
Using the results of Appendix (A), it is easy to show
that for the FRW background ϕ satisfies Eq. (13) which
is same as that of the canonical scalar field. The field
equation for uµ gives λ = 0.
Before we proceed to the computation of the stress-
tensor, it is important to know the current astrophysical
constraints on the parameters of the model [40]: The
constraints of the parameter d1 comes from the big-bang
nucleosynthesis [51] and the solar system tests of general
relativity [52]. These give:
0 <
d1
M2
Pl
<
1
7
. (36)
The constraints on the parameter b11 comes from the
observations of highest energy cosmic rays [53]. Using
effective field theory with higher-dimensional operators,
resulting in the modified field theory with a dispersion
relation, it was shown that for various standard model
particles
b11M
2
Pl
< 5× 10−5 . (37)
B. Stress tensor
In this subsection, we obtain the stress-tensor for the
scalar field defined in Eq. (28). Formally, the stress-
tensor for a general Lagrangian containing up to first
order derivative in the metric is given by (cf. Ref. [44],
p. 272)
Tµν = −gµνL+2 ∂L
∂gµν
− 2√−g∂ρ
(√−g ∂L
∂(∂ρgµν)
)
. (38)
For simplicity, we will separate the contributions from
the three different Lagrangians defined in Eq. (28), i. e.,
Tµν = T
(ϕ)
µν + T
(u)
µν + T
(cor)
µν . (39)
6The stress-tensor T
(ϕ)
µν corresponding to the canonical
scalar field Lagrangian is given in Eq. (9). The stress-
tensor corresponding to the Lagrangian L
u
can easily be
obtained and is given by
T
(u)
µν = d1gµνFεκF
εκ − 4d1FµεFνκgεκ
+λ [gµν(gεκu
εuκ − 1)− 2uµuν ] . (40)
However, the stress-tensor corresponding to L
cor
is much
more involved. For the sake of continuity we give below
only the final result while the steps leading to the result
is given in Appendix (A). We get,
T
(cor)
µν = b11gµν (D2ϕ)2 + b11EµνD2ϕ+ 4b11Cρκµν ∂κϕ∂ρ[D2ϕ] ,
(41)
where,
Eµν = 4
[
∂ρ[ln(
√−g)]Cρκµν ∂κϕ+ ∂ρ
(
Cρκµν ∂κϕ
)
− Aεκµν∂ε∂κϕ−Bκµν∂κϕ
]
(42)
Cρκµν =
1
2
[
gµνg
κρ − δρµδκµ − δκµ δρν + uµδρνuκ − uµuνgκρ
+ u
µ
δκν u
ρ + u
ν
δκµu
ρ − gµνuρuκ + δρµuνuκ
]
. (43)
Before proceeding with the evaluation of the perturbed
stress-tensor we would like to mention the following
point: Using the results of Appendix (A), it is clear that
T
(u)
µν and T
(cor)
µν vanishes in the unperturbed FRW back-
ground. Hence, the equations determining the evolution
of the scale factor, i. e.,
3H2 = a
2
M2
Pl
T 00
(ϕ)
; 2H′ +H2 = a
2
3M2
Pl
T ii
(ϕ)
, (44)
remain the same as in the canonical scalar field inflation.
It is also worth mentioning that the trans-Planckian cor-
rections do not play any role on the expansion of the
FRW background while, as we will see in the next section,
the trans-Planckian corrections affect the metric and in-
flaton perturbations.
In this work, we will focus on the power-law inflation,
for which, the scale factor is given by
a(t) = (a0 t
p) or a(η) =
( −η
−η0
)(β+1)
, (45)
where p > 1, β ≤ −2 (β = −2 corresponds to de Sitter),
a0 is a constant,
β = −
(
2p− 1
p− 1
)
and (−η0) = a
−1/p
0
(p− 1) . (46)
The scalar field potential and other background field pa-
rameters are given by (q =
√
2/p)
V = voM
4
Pl
exp
(
−q ϕ
M
Pl
)
; H = −(1 + β)
(−η) ; (47)
ϕ = σoMPl ln
( −η
−η0
)
; σo =
√
2β(β + 1) ;
a0 = −
√
(β + 1)(1 + 2β)√
voη0MPl
;
z′′
z
=
a′′
a
=
β(β + 1)
(−η)2 .
IV. PERTURBED STRESS TENSOR
In this section, we will obtain the perturbed stress-
tensor for the scalar field with modified dispersion rela-
tion (28) in the perturbed FRW background (3). As in
the previous section, we will separate the contributions
to the perturbed stress-tensor from the three different
Lagrangians defined in Eq. (28), i. e.2,
δT µν = δT
µ
ν
(ϕ) + δT µν
(u) + δT µν
(cor) . (49)
The first term in the RHS of the above expression cor-
responds to the perturbed stress-tensor of the canonical
scalar field Lagrangian and is given by Eqs. (16). In the
rest of the section, we will obtain contributions from the
other two terms.
Perturbing Eq. (40) and using the fact that Fµν van-
ishes for the FRW background [See Appendix (A)], we
get
δT µν
(u) = −2 δµ0 δ0ν (δλ) , (50)
where δλ is given by Eq. (B14). Using the fact that
D2(ϕ) and ∂ρD2(ϕ) vanish for the FRW background [See
Appendix (A)], the perturbation of Eq. (41) takes the
following simple form:
δT (cor)µν = 4b11
[
Eµν δ(D2ϕ) + Cρ0µν ϕ′ ∂ρ(δD2ϕ)
]
. (51)
Substituting the relation (B11) for δ(D2ϕ) and Eqs. (B7)
in the above expression, we get
δT µν
(cor) =
2b11
a4
[
5
H
a
ϕ
′2∇2ξ(gi) − 1
a
ϕ′
2∇2ξ(gi)′ (52)
−
(
ϕ
′′
+ 4Hϕ′
)
∇2(δϕ) + ϕ′∇2(δϕ)′
]
δµ
0
δ0
ν
,
where ξ is defined in Eq. (B22). Substituting Eqs. (16,
50, 52) in Eq. (49), we obtain the perturbed gauge-
invariant stress-tensor to be:
δT 00
(gi)
=
1
a2
[
−ϕ′2Φ + ϕ′δϕ(gi)
′
+ V,ϕa
2δϕ(gi)
]
+
4d1
a2
[
∇2Φ− 1
a
∇2ξ(gi)
′
]
, (53a)
δT ij
(gi)
=
[
ϕ′
2
Φ− ϕ′δϕ′(gi) + V,ϕa2δϕ(gi)
]
δi
j
, (53b)
δT 0i
(gi)
= a−2ϕ′δϕ
(gi)
,i . (53c)
Following points are worth-noting regarding the above
result: Firstly, the two corrective Lagrangians – Lu and
2 The mixed stress-tensor δTµν is given by
δTµν ≡ δ (g
µǫTǫν) = gµǫ(δTǫν ) + (δg
µǫ)Tǫν (48)
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– contributes only to the perturbed energy den-
sity (δρ). This implies that the non-diagonal space-space
components of the stress-tensor are absent leading to the
condition that Φ = Ψ. This also implies that the con-
straint equation (17b) remains unchanged even for trans-
Planckian inflation. Secondly, since the trans-Planckian
corrections do not change the pressure perturbations,
the perturbation equations for the tensor modes do not
change. Hence, the tensor perturbation equations remain
unchanged. Recently, Lim [43] had show that general
Lorentz violating models (with out taking into account
the higher derivatives of the scalar field) can modify the
pressure perturbations and hence the tensor perturba-
tion equations. However, in our specific Lorentz violating
model, this is not the case. This indicates that the well-
know consistency relation between the scalar and tensor
ratio will also be broken in this model [60–62].
Thirdly, it is interesting to note that the trans-
Planckian contributions to the energy density go as k2.
Hence as one would expect, in the super-Hubble scales,
only the canonical scalar field contributes significantly in
these scales. Lastly, these can have two significant im-
plications on the perturbation spectrum: (a) The speed
of propagation of the perturbations (c2s) can be differ-
ent from that of the standard single-scalar field inflation.
In the case of single scalar field inflation, we know that
c2s = 1. However, due to the extra contributions to the
energy density, this can no longer be true. (b) The per-
turbations need not be purely adiabatic. ξ can act as an
extra scalar field during the inflation and hence can act
as a source. This can introduce non-adiabatic (entropic)
perturbations. (See, for example, Ref. [54, 55]) We will
discuss more on these in the following sections.
V. SCALAR PERTURBATION EQUATION
Substituting Eqs. (53) in (17), the first-order per-
turbed Einstein’s equations take the following form,
∇2Φ− 3HΦ′ − 3H2Φ = 2d1
M2
Pl
[
∇2Φ− 1
a
∇2ξ(gi)
′
]
(54a)
+
1
2M2
Pl
[
−ϕ′2Φ + ϕ′δϕ(gi)
′
+ V,ϕa
2δϕ(gi)
]
,
HΦ + Φ′ = 1
2M2
Pl
ϕ′δϕ(gi) , (54b)
Φ′′ + 3HΦ′ + (2H′ +H2)Φ = 1
2M2
Pl
[
ϕ′
2
Φ− ϕ′δϕ′(gi)
+ V,ϕa
2δϕ(gi)
]
. (54c)
As in the canonical scalar field inflation, the three per-
turbed Einstein’s (54) can be combined to give
Φ
′′ −
(
1− 2d1
M2
Pl
)
∇2Φ+ 2
(
H− ϕ
′′
ϕ
′
)
Φ
′
+ 2
(
H′ −Hϕ
′′
ϕ
′
)
Φ =
2d
1
M2
Pl
1
a
∇2ξ(gi)
′
. (55)
Perturbing the field equations (33, 34), we get
δϕ(gi)
′′
+ 2H δϕ(gi)′ −∇2
(
δϕ(gi)
)
+ V,ϕϕ a
2 δϕ(gi) (56)
−4ϕ′Φ′ + 2V,ϕ a2Φ + 2b11
a2
[
∇4δϕ(gi) − ϕ
′
a
∇4ξ(gi)
]
= 0 ,
∂m
[(
1− c1
M2
Pl
∇2
a2
)
Φ− 2H
(
1 +
c1
2M2
Pl
∇2
a2
)
Φ′
]
−1
a
∂m
[
ξ(gi)
′′
− 3Hξ(gi)
′
− b11
2d1
ϕ2
a2
∇2ξ(gi)
]
= 0 , (57)
where c1 = (M
4
Pl
b11)/d1 is a dimensionless constant.
Following points are interesting to note regarding the
above results: (i) The spatial higher derivatives appear
only in the equation of motion of δϕ and not in metric
perturbation equation Φ. Unlike the standard inflation,
the perturbations are not purely adiabatic and the speed
of propagation of the perturbations is less than unity i. e.
c2s = 1−2d1/M2Pl . (ii) In the case of canonical scalar-field
inflation, the two dynamical variables Φ and δϕ(gi) are
related by the constraint equation (17b). In our model,
Φ and δϕ(gi) are again related by the same constraint
equation, however ξ is related to the other fields via the
equations of motion. Hence, unlike the standard infla-
tion, we have two sets of independent variables. (iii) In
the case of canonical scalar-field inflation, Φ and δϕ(gi)
can be combined into a single variable — Mukhanov-
Sasaki (Q) variable — in terms of which we can obtain
the perturbation spectrum. However, in this model, as in
the case of multi-field inflation models [54], the equations
of motion in terms of the Mukhanov-Sasaki variables are
coupled. In the rest of the section, we derive the equation
of motion of the Mukhanov-Sasaki variables correspond-
ing to δϕ(gi) and ξ.
Substituting δϕ in-terms of Q in Eq. (56), and using
the relations (55, 13, 17b), we get
Q′′ −
(
1− 2b11
a2
∇2
)
∇2Q− z
′′
z
Q =
2d1
M2
Pl
∇2S(η) , (58)
where
S = ϕ′
[
Q
(2)
ξ
H +
c1
a1/2
∇2Q(1)ξ
]
, (59)
and Q
(1)
ξ , Q
(2)
ξ are the gauge-invariant variables associ-
ated with ξ and are given by:
Q
(1)
ξ = a
−3/2
[
ξ +
a
Hψ
]
; Q
(2)
ξ = ξ
′ − aφ . (60)
Substituting for ξ in-terms of Q
(1)
ξ in (57), we get,[
a3/2
Q(1)ξ ′′ +
 3
2
H′ − 9
4
H2 − b11φ
′2
2d1a2
∇2
Q(1)ξ
 (61)
− φ
′
M2
Pl
H
(
φ
′′
φ
′
− H
′
H −H−
c1H
2M2
Pl
a2
∇2
)
Q− aH∇
2Φ
]
,m = 0 .
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(1)
ξ , Q
(2)
ξ into Fourier space, we have
µ
′′
S
+
[
k2 +
2b11
a2(η)
k4 − z
′′
z
]
µS = −
2d1
M2
Pl
k2Sk(η) (62)
µ
′′
ξ
+
3
2
H′ − 9
4
H2 + b11φ
′2
2d1a2
k2
 µ
ξ
= a−3/2
[
ak2
H Φk (63)
+
φ
′
M2
Pl
H
(
φ
′′
φ
′
− H
′
H −H +
c1H
2M2
Pl
a2
k2
)
µ
S
]
,
where the Fourier transform of Q, Q
(1)
ξ , Q
(2)
ξ , respec-
tively, are µ
S
, µ
ξ
, Q
(2)
k and
Sk(η) = ϕ
′
[
Q
(2)
k
H −
c1
a1/2
k2µ
ξ
]
. (64)
Eqs. (62, 63) are the main results of our paper, regard-
ing which we would like to stress the following points:
Firstly, in the earlier analyses, the equation of motion
of the Mukhanov-Sasaki variable (Q) was assumed to be
satisfy the differential equation Eq. (62) in which the
source term was assumed to be zero. We have shown
explicitly from the gauge invariant perturbation theory
that, in general, this is not true. The RHS of (62) van-
ishes in the super-Hubble scales (i.e k → 0) where the
perturbations can be treated classical. Hence, as ex-
pected, the trans-Planckian effects are negligible. Sec-
ondly, it is clear from Eq. (62) that the terms in the
RHS will dominate during the trans-Planckian regime
and can have interesting consequences on the primor-
dial spectrum. Lastly, the perturbations (in general) are
not purely adiabatic, i. e., it contains isocurvature per-
turbations. However, these perturbations does not con-
tribute significantly in the super-Hubble scales. Taking
the Fourier transformation of the non-adiabatic part of
the pressure perturbation (δpnad), we have
F(δpnad) = −4d1 k
2
a3
Q
(2)
k . (65)
From the above expression, it is straight forward to
see that, in the super-horizon scales, the entropic pertur-
bations vanish. Following Refs. [45, 46], we can assume
that, on large scales, the total curvature perturbation ζ is
conserved. As mentioned earlier, in the FRW background
only the canonical scalar field contributes to the stress-
tensor. Following Ref.[47], it is possible to show that, on
large scales, only the curvature perturbation associated
to δφ contributes to the total curvature perturbation.
Hence, it is sufficient to calculate the power-spectrum as-
sociated to the scalar-field perturbation (δϕ). This will
be discussed in Sec. (VII)
VI. CLASSICAL ANALYSIS
In this section, we combine Eqs. (55,56,57) to obtain
a single differential equation of Φ. We show that the re-
sultant differential equation of Φ is different from that of
the standard canonical scalar field driven inflation. More
importantly, the differential equation of Φ in our model
is fourth order while in the standard canonical scalar
field it is second order. We obtain the solutions of Φ
in three regimes — trans-Planckian (I), linear (II) and
super-Hubble (III) — for the power-law inflation. In the
following section, we obtain the power-spectrum of the
scalar perturbations, in a particular limit, for the power-
law inflation.
A. The Power law inflation.
Let us decompose the fields in their Fourier modes:
Φ(η, ~x) = Φk(η)e
i~k.~x , δϕ(η, ~x) = δϕk(η)e
i~k.~x
δξ(η, ~x) = ξk(η)e
i~k.~x . (66)
We have dropped the superscript indicating that the
quantities are gauge invariant. Combining the equations,
we end up with a fourth order differential equation in the
Bardeen potential. To keep the presentation light, the
derivation of the equation is given in Appendix C. This
equation, for the power-law inflation (45,48), reads
Φ
(4)
k +
Γ1
η
Φ
(3)
k (67)
+
[
Γ2
η2
+
(
1 +
Γ3
(−η)(5+3β)
)
k2 +
Γ4
(−η)2(1+β) k
4
]
Φ
(2)
k
+
[
Γ5
η3
+
(
Γ6
(−η)3(2+β) +
Γ7
η
)
k2 +
Γ8
(−η)3+2β k
4
]
Φ
′
k
+
[
Γ9
η4
+
Γ10
η2
k2 +
(
Γ11
(−η)2β+4 +
Γ12
(−η)5+3β
)
k4
]
Φk = 0 .
The constants Γi depend on the background and the fun-
damental constants in the following way
Γ1 = 4(2 + β) , Γ2 = 12 + 13β + 3β
2 − 6σ2o ,
Γ3 = −3
2
(−1)3βη3+3βo σ2o
a3o
b11
d1
M2pl ,
Γ4 = 2
(−1)2βη2+2βo
a2o
b11 , Γ5 = −18(1 + β)σ2o ,
Γ6 = 3
(−1)3βη3+3βo σ2o
a3o
b11
d1
M2pl , Γ7 = 6 + 4β ,
Γ8 = −4(2 + β) (−1)
2βη2+2βo
a2o
b11 ,
Γ9 = 6a
2
ovoη
2
o
q2(−24 + q2)
(−6 + q2)2 M
2
pl , Γ10 = 4+ 7β + 3β
2 ,
Γ11 = 2(1 + β)(2 + β)
(−1)2βη2+2βo
a2o
b11 ,
Γ12 =
3
2
(−1)3βη3+3βo σ2o
a3o
b11
d1
(2d1 −M2pl) . (68)
9B. The zeroth order approximation
We can find approximate solutions for the power law
inflation in the following way. Introducing the quantity
ǫ by
β = −2− ǫ , (69)
(ǫ vanishes on the de Sitter space) we can make Taylor
expansions of the coefficients Γi and postulate the same
for the Bardeen potential
Φk(η) =
∑
m=0
ǫmΦk,m(η) . (70)
The outcome is the following. Each component Φk,m(η)
obeys a differential equation which is inhomogeneous,
the source term depending on the preceding components
Φk,0(η), · · · ,Φk,m−1(η).
As discussed in Ref. [20], we have to be careful in the
limit of ǫ→ 0 in the sense that it does not give the per-
turbation corresponding to the de Sitter space. This is
related to the fact that on this background the inflaton
field is constant so that the quantities Xi, Yi, Zi are un-
determined. To work out what happens for the de Sitter
space, one would have to consider the earlier equations
where divisions by the derivatives of the inflaton was not
performed yet.
The zeroth order contribution is a solution of the equa-
tion
Φ
(4)
k,0(η) +
(
k2 − 2
η2
+ γ2k4η2
)
Φ
(2)
k,0(η)− 2
k2
η
Φ
′
k,0(η)
+ 2
k2
η2
Φ
′
k,0(η) = 0 . (71)
We now introduce the dimensionless variable x defined
by x = kη and the function f(x) given by
Φk,0(η) = f(x) . (72)
The fourth order equation takes the form
f (4)(x) +
(
1− 2
x2
+ γ2x2
)
f ′′(x)− 2
x
f ′(x) +
2
x2
f(x) = 0 ,
(73)
where,
γ =
√
2b11v0Mpl ,
As mentioned earlier, we obtain approximate solutions to
the above differential equation in three different regions.
1. The first region
In this region, the term γ2x2 dominates. In other
words, the trans-Planckian effects are dominant and we
are dealing with large values of x. Using the fact that
f(x) = x is a solution of the full equation, one intro-
duces the function h(x) by the relation
f(x) = x
∫ x
h(ζ)dζ (74)
and obtains the third order equation
2(−1 + γ2x2)h(x) + γ2x3h′(x) + 4h′′(x) + xh′′′(x) = 0
(75)
We can get rid of the second derivative by the change of
function
h(x) =
1
x4/3
R(x) ; (76)
using the fact that we are in the region given by large
values of x, one ends up with the differential equation
R
′′′
(x) + γ2x2R
′
(x) +
2
3
γ2xR(x) = 0 (77)
whose solution is a combination of generalized hyperge-
ometric functions multiplied by polynomials:
R(x) = C
′
1Fpq
[{
1
6
}
,
{
1
2
,
3
4
}
,− 1
16
γ2x4
]
+ C
′
2
√
γxFpq
[{
5
12
}
,
{
3
4
,
5
4
}
,− 1
16
γ2x4
]
+ C
′
3γx
2Fpq
[{
2
3
}
,
{
5
4
,
3
2
}
,− 1
16
γ2x4
]
, (78)
where C′i’s are constants to be determined and Fpq are
the generalized Hypergeometric functions. Thus, the so-
lution to the differential equation (73) is
f(x) = C1(k)x
+ C2(k)x
2/3Fpq
[{
− 1
12
,
1
6
}
,
{
1
2
,
3
4
,
11
12
}
,− 1
16
γ2x4
]
+ C3(k)x
5/3Fpq
[{
1
6
,
5
12
}
,
{
3
4
,
7
6
,
5
4
}
,− 1
16
γ2x4
]
+ C4(k)x
8/3Fpq
[{
5
12
,
2
3
}
,
{
5
4
,
17
12
,
3
2
}
,− 1
16
γ2x4
]
(79)
where Ci’s are related to C
′
i’s. These generalized hy-
pergeometric functions have a few properties which are
worth mentioning. First, they are highly oscillating. For
example, the function
Fpq
[{
− 1
12
,
1
6
}
,
{
1
2
,
3
4
,
11
12
}
,− 1
16
γ2x4
]
(80)
goes from 7.7 1032 to 1.4 10194 when x goes from x = 50
to x = 100, fixing γ = 1/10 for illustrative purposes.
Let us now say a few words about these generalized
hypergeometric functions; this will help us to quantify
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their oscillatory behavior. They are special cases of Mei-
jer functions which can be defined by integrals on the
complex plane [56]:
Gm,np,q
(
z| a1 a2 ... ap
b1 b2 ... bq
)
=
1
2πi
∫
C
χ(s)z−sds (81)
where
χ(s) =
Πmj=1Γ(bj + s)Π
n
j=1Γ(1− aj − s)
Πqj=m+1Γ(1− bj − s)Πpj=n+1Γ(aj + s)
(82)
and three possibilities are allowed for the contour
C, according to some conditions on the parameters
ai, bj,m, n, p, q [56]. Our solutions correspond to m =
n = 0.
The asymptotic behavior which is relevant here is the
following. For large values with −(ν⋆ + 1)π < argz < 0,
the dominant part is roughly given by
Gm,np,q
(
z| a1 a2 ... ap
b1 b2 ... bq
)
∼ Hpq(zeiπµ
⋆
) . (83)
where
µ⋆ = q −m− n , ν⋆ = −p+m+ n ,
Hpq(z) = exp
(
(p− q)z 1q−p
)
zρ
⋆
, and
ρ⋆ =
1
q − p
 q∑
j=1
bj −
p∑
j=1
aj +
p− q + 1
2
(84)
In our case, one has to make the replacements
z = − 1
16
γ2k4η4 , q = 3, , p = 2 (85)
so that
Φk,0(η) = C0(k) kη +
3∑
i=1
Ci(k) (κη)
σi (86)
×
(
− 1
16
γ2k4η4
)ρ⋆i
exp
(
1
16
γ2k4η4 exp (iπµ⋆i )
)
,
where σ1 = 2/3, σ2 = 5/3, σ3 = 8/3. Fomr the above
expressiom, it is easy to see that the solution in the
the Bardeen potential Φ is oscillating in this region.
The choice of the constants Ci(k) correspond to differ-
ent choices of initial conditions and thus, in principle,
to different choices of vacua. We will come back to this
later.
2. The second region
In the intermediary region, 1 dominates over γ2x2. The
solution in this region is
f(x) = D1(k)x +D2(k)x
2
+ D3(k)
[
e−ix(−1 + ix)− x2Ei(−ix)]
+ D4(k)
[
eix(i− x) + ix2Ei(ix)] (87)
where Ei(x) refers to the exponential integral. Using the
asymptotic behavior of the exponential integral (cf. Ref.
[57], p. 231), we get
f(x) = D1(k)x+D2(k)x
2
+ D3(k)
[−e−ix + 2x sin(x)]
+ D4(k)
[
i eix − 2x sin(x)] (88)
As we can see, the Bardeen potential is a sum of plane-
waves.
3. The third region
When the term −2/x2 dominates in the coefficient of
the second derivative, the solution can be found and is
given by
f(x) = G1(k) +G4(k)x+G3(k)x
4 +G2(k)x ln x .(89)
From the above expression, we see that in the super-
Hubble scales the scalar perturbations has a constant
term which is identical to the canonical scalar field in-
flation.
To finish this section, let us remark that in the non
trans-Planckian region, i.e when
1− 2
x2
>> γ2x2 ,
the solution to the differential equation (73) can be ob-
tained and is given by
f(x) = H1(k)x +
1
2
H2(k) (2 − 2x+ x2)
+
1
2
H3(k)x
(
−e
−ix
x
− iEi(−ix)
)
+
1
2
H4(k)x
(
eix
x
− iEi(ix)
)
; (90)
this approximation covers the II and III region simul-
taneously.
C. The first order approximation
The first order contribution obeys the equation
Φ
(4)
k,1(η) +
(
k2 − 2
η2
+ γ2k4η2
)
Φ
(2)
k,1(η) − 2
k2
η
Φ
′
k,1(η)
+ 2
k2
η2
Φk,1(η) = Sk(η) , (91)
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where
Sk(η) = −4
η
Φ
(3)
k,0(η) +
[
− 5
η2
+
b
11
M5plv
3/2
o
d1
k2η
− 10
3
b11M
2
plvok
4η2 + 4b11M
2
plvoη
2 log
(
η
ηo
)]
Φ
(2)
k,0(η)
+
[
12
η3
− 4k
2
η
− 4b11M2plvok4η
]
Φ
′
k,0(η)
+
[
−24
η4
+
5k2
η2
+ 2b11M
2
plvo
+
b11M
3
plv
3/2
o (−2d1 +M2pl)
d1
η
]
Φk,0(η) .
This equation is exactly the one obeyed by the zeroth
order contribution, except for the source term which is
known since we obtained the approximations of the ze-
roth order in the three regions. Let us specialize to one
of the regions and call Y1(η), Y2(η), Y3(η), Y4(η) the four
different solutions of the homogeneous equation given in
Eq (71):
The equation being linear and knowing the complete
solution of the homogeneous equation (Φ =
∑4
a=1 LaYa
with La constants) solution, we can solve it using the
method of the variation of the constants. One can show
that this can be achieved by the following system of equa-
tions
4∑
a=1
L
′
aYa = 0 ,
4∑
a=1
L
′
aY
′
a = 0 ,
4∑
a=1
L
′
aY
(2)
a = 0 ,
4∑
a=1
L
′
aY
(3)
a = S(η) . (92)
Let us concentrate on the second and third region for
example (the non trans-Planckian zone). One has
Φk,1(ζ) = kζ
∫ ζ
0
dη
[
i
(2i+ 2kη − ik2η2)
2k4η
Ei(ikη)
+
(−2i+ 2kη + ik2η2)
2k4η
Ei(−ikη)
]
Sk(η)
+
[
1− kζ + 1
2
k2ζ2
] ∫ ζ
0
dη 2
1
k4η
Sk(η)
+
[
−1
2
ie−ikζ +
1
2
xEi(−ikζ)
]
×
∫ ζ
0
dη i
(−2 + 2ikη + k2η2)
k4η
eikηSk(η)
+
(
1
4
ieikζ − 1
4
ikζEi(ikζ)
)
(93)
×
∫ ζ
0
dη 2
(−2− 2ikη + k2η2)
k4η
e−ikηSk(η) .
A similar treatment can be applied to the trans-
Planckian region but the formulas are too lengthy and
will not be recorded here.
Using the analysis discussed in this section, the power
spectrum of the perturbations can be obtained upto a k
dependent constant factor. In order to obtain the exact
power spectrum, we need to quantize the theory and fix
the initial state of the field [30]. In the following section,
we obtain exact power spectrum of the perturbations in
a particular limit.
VII. POWER-SPECTRUM OF THE
PERTURBATIONS – QUANTUM ANALYSIS
In this section, we calculate the power-spectrum cor-
responding to µ
S
during the power-law inflation using
the following approach: (i) We assume that the quan-
tum field µ
S
is coupled to an external, classical source
field Sk(η) which is determined by solving the coupled
differential equations (55, 57). (ii) We solve the equa-
tion of motion of µ
S
in three regions – Trans-Planckian
(I), linear (II) and super-Hubble (III) – separately [4].
We further assume that Sk(η) will contribute signifi-
cantly in the trans-Planckian region while it can be
neglected in the linear and super-Hubble region. (iii)
The power-spectrum at the super-Hubble scales is deter-
mined by performing the matching of the modes and its
derivatives at the times of transition between regions I
and II [(−ηPl)1+β ≡ (ωk2)−1/2] and regions II and III
[η
H
≡ (1 + β)/k]. We assume that the quantum field µ
S
is in a minimum energy state at η = ηi [58].
Region (I) corresponds to the limit where the non-
linearities of the dispersion relation play a dominant role,
i. e. 2b11[k/a(η)]
2 ≫ 1 and kη ≫ 1. Region (II) corre-
sponds to the limit where the non-linearities of the modes
are negligible i. e. ω ≃ k and kη ≫ 1. Region (III) cor-
responds to the limit where kη ≪ 1. In the three regions,
the equation of motion of µ
S
(62) reduces to:
µ(I)
S
′′
+ ω2(η)µ(I)
S
≃ − 2d1
M2
Pl
k2Sk(η) , (94a)
µ(II)
S
′′
+ k2µ(II)
S
≃ 0 , (94b)
µ(III)
S
′′
− β(β + 1)
η2
µ(III)
S
≃ 0 , (94c)
where
ω(η) = ω0
k2
(−η)(1+β) ; ω0 = (2b11)
1/2(−η0)(1+β) , (95)
and Sk is given by Eq. (64). The general solution to the
differential equation (94a) is given by
µ(I)
S
(η) = A1(k) (−η)1/2H(1)ν [α(η)]
+ A2(k) (−η)1/2H(2)ν [α(η)] + µP (η) (96)
where µ
P
(η) is the particular solution to the inhomoge-
neous part of the differential equation and is given by (cf.
Ref. [59], p. 529)
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µP (η) =
iπ
2
d1k
2
βM2
Pl
(−η)1/2
[
H(1)ν [α(η)]
∫ η
ηl
(−s)1/2H(2)ν [α(s)]Sk(s) ds+H(2)ν [α(η)]
∫ η
ηl
(−s)1/2H(1)ν [α(s)]Sk(s) ds
]
(97)
and ν = − 1
2β
; α(η) = α0(−η)−β ; α0 = ω0k
2
−β , (98)
ηl (< ηi) is the epoch in which the integrals in (97) vanish.
The quantities H
(1)
ν and H
(2)
ν in the above solution are
the Hankel functions of the first and the second kind
(of order ν), respectively, and the k-dependent constants
A1(k) and A2(k) are to be fixed by the initial conditions
for the modes at ηi. Unlike the canonical scalar field
inflation, where one assumes that the field is in a Bunch-
Davies vacuum at ηi, it is not possible to assume such an
initial condition due to the non-linearities of the modes.
As mentioned earlier, we assume that the field is in the
minimum energy vacuum state at ηi, i. e.,
µ
S
(ηi) =
1√
2ω(ηi)
; µ′
S
(ηi) = ±i
√
ω(ηi)
2
. (99)
We thus get
A1(k) =
iπα(ηi)
4
(−ηi)−1/2µ˜S (ηi)H(2)ν−1[α(ηi)]
×
[
1 +
(−ηi)β+1
(−α0β)
µ˜′
S
(ηi)
µ˜
S
(ηi)
H
(2)
ν [α(ηi)]
H
(2)
ν−1[α(ηi)]
]
,(100a)
A2(k) = − iπα(ηi)
4
(−ηi)−1/2µ˜S (ηi)H(1)ν−1[α(ηi)]
×
[
1 +
(−ηi)β+1
(−α0β)
µ˜′
S
(ηi)
µ˜
S
(ηi)
H
(1)
ν [α(ηi)]
H
(1)
ν−1[α(ηi)]
]
,(100b)
where µ˜
S
(η) = µ(I)
S
(η) − µ
P
(η). From the above expres-
sions it is evident that the particular solution to the in-
homogeneous differential equation effectively changes the
initial state of the field. Hence, µ˜
S
(ηi) can be treated as
the new effective initial state of the field. It is worth men-
tioning that the particular solution has not been fixed
and is arbitrary.
In Region II, the solution to the differential equation
(94b) is (Minkowski) plane waves, i. e.,
µ(II)
S
(η) = B1(k) exp[−ikη] +B2(k) exp[ikη] , (101)
where B1(k), B2(k) are k−dependent constants and are
obtained by the junction conditions of the mode functions
µ(I)
S
, µ(II)
S
and their derivatives at η = ηPl. This gives,
exp(−ikηPl)
(−ηPl)1/2 B1 =
A1
2
H(1)ν [α(ηPl)]
[
1 +
iβα0
k(−ηPl)β+1
H
(1)
ν−1[α(ηPl)]
H
(1)
ν [α(ηPl)]
]
+
A2
2
H(2)ν [α(ηPl)]
[
1 +
iβα0
k(−ηPl)β+1
H
(2)
ν−1[α(ηPl)]
H
(2)
ν [α(ηPl)]
]
, (102a)
exp(ikηPl)
(−ηPl)1/2 B2 =
A1
2
H(1)ν [α(ηPl)]
[
1− iβα0
k(−ηPl)β+1
H
(1)
ν−1[α(ηPl)]
H
(1)
ν [α(ηPl)]
]
+
A2
2
H(2)ν [α(ηPl)]
[
1− iβα0
k(−ηPl)β+1
H
(2)
ν−1[α(ηPl)]
H
(2)
ν [α(ηPl)]
]
.(102b)
In region III, the solution is
µ(III)(η) = C(k) a(η) , (103)
where C(k) is constant (not to be confused with the
constants used in the previous section) whose modulus
square gives the power spectrum of the density pertur-
bations and is determined by performing the matching of
the modes µ(II)
S
, µ(III)
S
at η
H
≡ (1 + β)/k. We thus get,
C(k) =
[
η0k
1 + β
]1+β
[B1(k) exp(−ikηH ) +B2(k) exp(ikηH )] .
(104)
The spectrum of the perturbations (25) reduce to
[
k3 PS(k)
]
=
(
1
4π2M2
Pl
(β + 1)
β
)
k3 |C(k)|2 . (105)
We are interested in the leading order behavior of the pri-
mordial power-spectrum and the possible modifications
to the primordial spectrum due to the trans-Planckian
effects. In order to do that, we need to obtain the lead-
ing order behavior of the constants A1, A2, B1 and B2.
Using the fact that kη ≫ 1 and the asymptotic behavior
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of the Hankel functions, viz. (cf. Ref. [57], p. 364)
lim
z→∞
H(1/2)ν (z) −→
(
2
πz
)1/2
e±i[z−(πν/2)−(π/4)], (106)
we get
A1(k) ≈ A0µ˜S (ηi) exp(−ixi) (1∓ I) , (107a)
A2(k) ≈ A0µ˜S (ηi) exp(ixi) (1± I) , (107b)
where
A0 =
(πα0
8
)1/2
(−ηi)−(β+1)/2 ; xi = α(ηi)− πν
2
− π
4
I = 1− µ
′
P
(ηi)/µ
′
S
(ηi)
1− µ
P
(ηi)/µS (ηi)
. (108)
Having obtained A1, A2 in the limit of kη ≫ 1. Our next
step is to evaluate B1(k), B2(k) in the same limit. In
order to do that, we need to know the correct matching
time ηPl. Demanding ω
2(η
Pl
) = k2 gives (−ηPl)1+β =
ω−1/2/k. We thus get,
B1 ≈ A1
(−2β
πk
)1/2
exp(ixPl) (109)
B2 ≈ A2
(−2β
πk
)1/2
exp(−ixPl) (110)
where xPl = kηPl(β + 1)/β − πν/2− π/4. Thus, we get,
[
k3 PS(k)
] ≃ C0k2(β+2) ∣∣∣∣1− µP (ηi)µ
S
(ηi)
∣∣∣∣2 (111)
× [1 + 2 cos(x
H
)− 2Im[I] sin(x
H
)]
where
C0 =
(
1
16π2M2
Pl
(β + 1)
β
)(−η0ηi
1 + β
)2(1+β)
;
x
H
= 2(1 + β − x
Pl
+ xi) (112)
and we have neglected higher order terms like |I|2. It is
interesting to note that in the limit of Sk(η) → 0, the
power-spectrum is same as that of the standard power-
law inflation spectrum with small oscillations. In this
limit, we recover the result of Refs. [4, 7]. In order to
obtain the exact form of the power-spectrum, we need to
evaluate µ
P
which requires the knowledge of Sk(η).
In the rest of this section, we evaluate the power-
spectrum in a particular limit (1/c1 → 0). We, first,
obtain the form of Sk(η) by solving the system of cou-
pled differential equations (55, 57) in two – sub-Hubble
and super-Hubble – regimes. As mentioned earlier, the
two differential equations (55, 57) do not contain higher
order spatial derivatives. Hence, it is sufficient to obtain
solutions in these two regimes. Performing the following
transformations
u =
a(η)
ϕ′(η)
Φ ; ξ(gi) = a3/2(η) ξ˜ , (113)
and taking the Fourier transform, Eqs. (55, 57), reduce
to
u′′k +
(
c2sk
2 − θ
′′
θ
)
uk = − 2d1
M2
Pl
k2
ϕ′
(
a3/2ξ˜k
)′
(114)
ξ˜′′ +
[
−9
4
H2 + 3
2
H′ + c1
a2
ϕ′2
2M2
Pl
k2
M2
Pl
]
ξ˜ (115)
= a1/2
[(
1 +
c1
a2
k2
M2
Pl
)
Φ′k − 2H
(
1− c1
2a2
k2
M2
Pl
)
Φk
]
.
In the limit of 1/c1 → 0 (i. e. d1/M2Pl ≪ b11M2Pl), the
above differential equations can be solved exactly. In this
limit, the above differential equations become:
u′′k +
(
k2 − θ
′′
θ
)
uk = 0
ϕ′2
2M2
Pl
ξ
(gi)
k = a(ϕ
′uk)
′ . (116)
For the sub-Hubble scales, during the power-law infla-
tion, we get
uk = D1(k) exp(−ikη) +D2(k) exp(ikη)
ξ
(gi)
k = ik
(−η)(β+2)
(−η0)(β+1)
√
2M2
Pl
β(β + 1)
[D1(k) exp(ikη)−D2(k) exp(−ikη)] ,(117)
where we have neglected the terms of the order 1/(kη)
and D1(k), D2(k) are k-dependent constants with the di-
mensions of length squared (k−2). Using the condition
that the modes are outgoing, we set D2(k) = 0. In the
super-Hubble scales, we have
uk ≃ D3(k) a(η) ; ξ(gi)k = D3(k)
√
2β
β + 1
a2(η) , (118)
where D3(k) is a constant. In the sub-Hubble scales, we
have
Sk(η) = 4 iM2Plb11 D1(k)k5
(−η0
−η
)β+1
exp(−ikη) . (119)
Our next task is to obtain µ
P
and the power-spectrum
of the scalar perturbations. From Eq. (97) using the
asymptotic limit of Hankel functions, we get
µ
S
(η) =
(
b
11
β2
) β+1
4β (−η0)
1−β2
2β
(−η)− β+12
M2
Pl
k1/β
× cos
[
α(η) + ln
(
Γ
[
β − 1
2β
, iα(η)
])]
, (120)
where we have set D1 ∝ 1/k2. Substituting the above
expression in Eq. (111), we get,[
k3 PS(k)
]
= C0k
2(β+2)
∣∣∣1− C1 k(1+1/β)∣∣∣2 (121)
× [1 + 2 cos(x
H
)− 2Im[I] sin(x
H
)] ,
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FIG. 1: Plots of the standard power spectrum (thick curve)
and the modified power spectrum with appropriate normal-
ization. In plotting these spectra we have assumed that
H = 1014 GeV = 1052 Mpc−1, (H/kc) = 10−4 and β = −2.04
where b11 = k
−2
c (cut-off scale) and η0 = H−1 (inflation-
ary energy scale). The above range of k/H corresponds to
2 < ℓ < 100 where ℓ denotes multipoles.
where C1 depends on b11 and parameters of the power-
law inflation.
In Fig. (1), we have plotted the standard and the
trans-Planckian inflationary power spectra. As can be
seen the trans-Planckian power spectrum has oscillations.
We would like to caution the readers that the oscillations
are small, here we have magnified the effect for illustra-
tive purposes. We would also like to point the following:
The power-spectrum (121) we have obtained becomes sig-
nificantly different compared to that of Ref. [4] for very
large k. For example, for a particular wave-vector this
vanishes. However such an effect is not observable.
Following points are to be noted regarding the above
results: (i) We have obtained the general power-spectrum
(111) of the scalar perturbations assuming that the scalar
field is in the minimum energy state and that the contri-
bution of the unit vector field to the energy density can
be neglected. We have shown that the power spectrum
depends on the form of the source term Sk which can be
solved analytical in some particular limits. (ii) We have
computed the power-spectrum of perturbations in a par-
ticular limit i. e. (1/c1 → 0). In this limit, we recover
the result of Refs. [4, 7].
VIII. DISCUSSION AND CONCLUSION
In this work, we have computed the gauge-invariant
cosmological perturbation for the single scalar field infla-
tion with the trans-Planckian effects introduced via the
Jacobson-Corley dispersion relation. Even though the
dispersion relation breaks the local Lorentz invariance, a
covariant formulation of the corresponding theory can be
carried out by introducing a unit time-like vector field.
Using the covariant Lagrangian, we have obtained the
perturbed stress-tensor for the scalar and tensor pertur-
bations around the FRW background. We have shown
the following: (i) The non-linear effects introduce cor-
rections to the perturbed energy density while the other
components of the perturbed stress-tensor remains un-
changed. Thus, for the trans-Planckian scenario, we have
shown that Φ = Ψ and the constraint equation (17b) re-
mains unchanged. (ii) The non-linear terms contributing
to the stress-tensor are proportional to k2 and hence in
the super-Hubble scales, as expected, the contribution to
the perturbed energy density can be ignored. (iii) The
spatial higher derivative terms appear only in the equa-
tion of the motion of the perturbed inflation field (δϕ)
while the speed of propagation of the perturbations [in
the equation of motion of the scalar perturbations (Φ)]
is different from that of the standard inflation. (iv) The
speed of propagation of the perturbations (c2s) is different
from that of the canonical single scalar field inflation. (v)
The perturbations are not purely adiabatic. ξ act as an
extra scalar field during inflation and hence can act as a
source. This introduces non-adiabatic (entropic) pertur-
bations. (vi) Since, the trans-Planckian corrections do
not change the pressure perturbations, the perturbation
equations for the tensor modes do not change. Hence,
the tensor perturbation equation remain unchanged. Re-
cently, Lim [43] had show that general Lorentz violating
models (with out taking in-account the higher derivatives
of the scalar field) can modify the pressure perturbations
and hence the tensor perturbation equations. However,
in this model, this is not the case. Since the tensor per-
turbations remain the same, the well-know consistency
relation between the scalar and tensor ratio will also be
broken in this model [60].
We combined Eqs. (55,56,57) to obtain a single dif-
ferential equation of Φ. We have shown that the resul-
tant differential equation of Φ is different from that of
the standard canonical scalar field driven inflation. More
importantly, the differential equation of Φ in our model is
fourth order while in the standard canonical scalar field
it is second order. We also obtained the solutions of Φ in
the three regimes for the power-law inflation.
We have also obtained the equation of motion of the
Mukhanov-Sasaki variable for the perturbed inflaton field
with higher derivatives. In all the earlier analyzes, the
Mukhanov-Sasaki variable (Q) was assumed to satisfy the
differential equation Eq. (62) in which the source term
(Sk) was assumed to be zero. More importantly, we had
shown that the source term in Eq. (62) dominates dur-
ing the trans-Planckian regime. The Mukhanov-Sasaki
variable of the two fields are strongly coupled and hence
obtaining the solution analytically is possible only in a
particular limit.
In this work, we calculated the power-spectrum corre-
sponding to the inflaton field, during the power-law infla-
tion by assuming that (i) the quantum field µ
S
is coupled
15
to an external, classical source field Sk(η) which is deter-
mined by solving the coupled differential equations (55,
57) (ii) the quantum field is initially in a minimum en-
ergy state and (iii) d1/M
2
Pl
≪ b
11
M2
Pl
. We have shown
that in this particular limit, the power-spectrum is same
as that obtained in Refs. [4, 7].
The work suggests various possible directions for fur-
ther study:
• We have obtained the power-spectrum analytically
in the limit of d1/M
2
Pl
≪ b
11
M2
Pl
. The trans-
Planckian corrections in this limit are small to be
observed in the present or the future CMB ex-
periments. It would be interesting to obtain the
power-spectrum by solving the system of differen-
tial equations numerically and obtain the leading
order trans-Planckian corrections in these models.
• As we have mentioned earlier, this model intro-
duces non-adiabatic perturbations which can lead
to the non-Gaussianity in the CMB. Recently in
Refs. [31–35], trans-Planckian constraints from the
CMB was studied in detail. It would be interest-
ing to do a similar analysis for this scenario. The
non-Gaussian signatures may place stringent and
independent constraints on the parameters b11 , d1.
• In this work, we have ignored the solenoidal part
of the perturbed u field. The solenoidal part con-
tributes to the vector perturbations. It would be
interesting to see whether the solenoidal part of the
perturbed unit-time like vector field can lead to the
growing large-scale vorticity and hence the produc-
tion of large scale primordial magnetic field.
• In this work, we have ignored the back-reaction of
the field excitations on the perturbed FRW back-
ground. There have been claims in the literature
[6, 9] that trans-Planckian modes may effect the
evolution of cosmological fluctuations in the early
stages of cosmological inflation in a non-trivial way.
In Ref. [24], the authors have discussed in detail the
backreaction problem of the trans-Planckian infla-
tion in a toy model and have shown that the back-
reaction of the trans-Planckianmodes may lead to a
renormalization of the cosmological constant driv-
ing inflation.. It would be interesting to perform a
similar analysis for this model.
We hope to return to study some of these issues in the
near future.
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APPENDIX A: THE BACKGROUND.
In this appendix, we give key steps in obtaining the
stress-tensor corresponding to the two corrective La-
grangians (29a, 29b), and the equations of motion of
the scalar field and the unit vector field. Having ob-
tained these, we discuss their properties in the FRW
background.
This question has been addressed in Ref. [11]. Our
treatment differs with the one followed in that paper by
the fact that we do not make the decomposition in time
and space-like components. Our condensed formulas will
prove very useful when computing the perturbations.
In order to do that, it proves easier to go back to the
action. Let us first specialize to the contribution of the
non-linear part of the Lagrangian (29a):
S
cor
= −b
11
∫
d4x
√−g(D2ϕ)2 . (A1)
Using the definition given in Eq.(31), the variation of
D2ϕ can be written as
δ(D2ϕ) = A˜µνδgµν + B˜σµν∂σδgµν + C˜µδuµ + D˜νµ∂νδuµ .
+E˜µ∂µδϕ+ H˜
µν∂µ∂νδϕ . (A2)
The quantities A˜ · · · H˜ can be written explicitly. For ex-
ample,
A˜µν =
∂
∂gµν
D2ϕ , H˜µν = ∂
∂(∂µ∂νϕ)
D2ϕ . (A3)
These partial derivatives have to be taken keeping in
mind the choice of variables made in this work. In order
to be consistent, we choose the following set of indepen-
dent variables
ϕ, ∂βϕ, ∂α∂βϕ, ∂σ∂α∂βϕ, g
µν , ∂ρg
µν , ∂τ∂ρg
µν ,
uσ, ∂βuσ, ∂α∂βuσ, λ . (A4)
Using the relations
∂ε(gκ̺g
̺ς) = 0 ;
∂
∂gαβ
(gκ̺g
̺ς) = 0 , (A5)
we get,
∂gαβ
∂gρσ
= δαρ δ
β
σ ,
∂gαβ
∂gρσ
= −gραgσβ ,
∂ǫgαβ = −gαρgβσ∂ǫgρσ . (A6)
The expressions giving the quantities A˜, · · · , H˜ are very
long and time consuming to obtain and will not be dis-
played here. One of the most important aspects of the
way we will present our results is that for our purposes we
only need to know their values on the FRW background.
This is the subject of the next appendix.
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Substituting Eq. (A2) in (A1) and integrating by parts
the resultant expression, we obtain
δScor = −b11
∫
d4x
[√−g( 1
2
gµν(D2ϕ)2 − 2A˜µνD2ϕ
)
+ ∂σ
(√−gD2ϕB˜σµν)] δgµν
−2b11
∫
d4x
[√−gD2ϕC˜µ − ∂ν (√−gD2ϕD˜νµ)] δuµ
−2b11
∫
d4x
[
−∂µ
(√−gD2ϕE˜µ) (A7)
+ ∂µ∂ν
(√−gD2ϕH˜µν)] δϕ .
From the above expression, it is easy to infer the
contribution of the corrective Lagrangian to the stress-
energy tensor as well as to the field equations of the in-
flaton and the vector field uµ, i. e.,
T (cor)µν = −b11gµν(D2ϕ)2 − 4b11 B˜ρµν∂ρ(D2ϕ)
+ b11
(
4A˜µν − 2∂ρg
g
B˜ρµν − 4∂ρB˜ρµν
)
D2ϕ (A8)
≡ b11gµν (D2ϕ)2 + b11EµνD2ϕ+ 4b11Cρκµν ∂κϕ∂ρ[D2ϕ] ,
eq1,ϕ =
2b11√−g
([
∂µ
(√−gE˜µ)− ∂µ∂ν (√−gH˜µν)]D2ϕ
+
[√−gE˜µ − ∂ν (√−gH˜µν) − ∂ν (√−gH˜νµ)] ∂µD2ϕ
−√−gH˜µν∂µ∂νD2ϕ
)
, (A9)
eq2,ϕ = −2b11
[(
C˜µ − 1
2
∂νg
g
D˜νµ − ∂νD˜νµ
)
D2ϕ
−D˜νµ∂νD2ϕ
]
, (A10)
where (A9) gives the RHS of Eq. (33) and (A10) gives
the RHS of Eq. (34).
Similarly, the variation of the action for the unit vector
field (29b) leads to
δSu =
∫
d4x
√−gTµνδgµν − 2λ
∫
d4x
√−ggµνuν δuµ
+
∫
d4x
√−g(−gαβuαuβ + 1) δλ
− d1
∫
d4x
√−ggαρgβρδ(FαβFρσ) . (A11)
From the above expression, we obtain the contribution
to the stress-energy tensor and the field equation of the
vector field, i. e.,
T (u)µν =
(
1
2
λ(gαβuαuβ − 1) + 1
2
d1FαβF
αβ
)
gµν
− λuµuν − 2d1gαρFαµFρν , (A12)
eq2,u = −2λgµνuν − 2d1 1√−g ∂ν
[√−gFµν] , .(A13)
where (A13) gives the LHS of Eq. (34).
It is easy to verify that the energy momentum tensor
corresponding to the corrective Lagrangian and the vec-
tor field vanish while the equation of motion of the vector
field and the inflaton are satisfied when the following re-
lation holds
uµ = a(η) (1, 0, 0, 0) , λ = 0 , ∂µ∂
µϕ =
ϕ
′2
a2(η)
. (A14)
The intermediary relations needed are
Fµν = 0 , ⊥αβ = a2
(
ηαβ − δ0αδ0β
)
, D2 (ϕ) = 0 . (A15)
The evolution of the modified scalar field in the FRW
background is same as that of the inflaton. Hence, the
trans-Planckian effects, in this model, only affect the per-
turbations. As we will see in the next appendix, the
above equations play a significant role in discarding many
terms from the perturbed stress-tensor.
APPENDIX B: THE PERTURBED FRW SPACE
TIME.
In this appendix, we obtain the linear order perturbed
stress-tensor corresponding to the two corrective La-
grangians (29a, 29b), and the equations of motion of the
perturbed scalar field and the unit vector field.
We will use more than once the Leibniz rule:
δ(XY ) = XδY + Y δX ≡ XoδY + YoδX . (B1)
and the vanishing of the three dimensional Laplacian of
the scalar field in the FRW background.
For example, the variation of the component of the
stress-energy tensor coming from the non-linear part of
the Lagrangian reads
δT corrµν =
[
4A˜µν − 2∂ρg
g
B˜ρµν − 4∂ρB˜ρµν
]
o
δD2ϕ
− 4
(
B˜ρµν
)
o
∂ρ(δD2ϕ) . (B2)
From the above expression, we see that it is enough to
know the quantities A˜, · · · , H˜ on the background. Going
back to Eq. (A2), we have to compute the variation of the
vector field, the Christoffel symbol and other quantities.
Let us begin by the connection coefficient:
Γαρσ =
1
2
gατ (−∂τgρσ + ∂ρgστ + ∂σgτρ) . (B3)
Due to our choice of independent variables, we need to
express the variations of the covariant components of
the metric in terms of the contravariant ones. This is
achieved simply:
δ(gαβg
βγ) = 0 =⇒ δgαβ = −gαγgβσδgγσ . (B4)
One then obtains
δΓαρσ = a a
′
(−δαµδ0νηρσ + δαµησνδ0ρ − δαµηρνδ0σ
+ 2δα0 ηρµησν − 2δαν δ0ρηµσ
)
δgµν (B5)
+
a2
2
(
ηρµησνη
αǫ − ησµδαν δǫρ − ηρνδαµδǫσ
)
∂ǫδg
µν .
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Similarly, we get
δ ⊥ρσ = (−δρµδσν + δσ0 δρµδ0ν ++δρ0δσµδ0ν)δgµν
+ (δρ0η
σµ + δσ0 η
ρµ)δuµ . (B6)
After a long but straightforward calculation, one obtains
the result given in Eqs. (42,43 ) with the following ex-
pressions for the background:
(A˜µν)o =
(
ϕ¯
′′
+ 3
a
′
a
ϕ¯′
)
δ0µδ
0
ν , (B˜
ǫ
µν)o =
1
2
ϕ¯
′
δ0µδ
0
νδ
ǫ
0 ,
(C˜µ)o =
1
a3
(
2ϕ¯
′′
+ 3
a
′
a
ϕ¯
′
)
δµ0 , (D˜
σρ)o =
1
a3
ϕ¯
′
ηρσ ,
(H˜)o =
1
a3
(−ηµν + δµ0 δν0 ) , (E˜)o = 0 . (B7)
At this point it is worth noticing that 0 − 0 is the only
non-zero component of the stress-tensor. Since the trans-
Planckian corrections do not change the pressure pertur-
bations, the perturbation equation for the tensor modes
do not change. Hence, the tensor perturbation equa-
tions is given by Eq. (26). Recently, Lim [43] had show
that general Lorentz violating models (with out taking
into account higher derivatives of the scalar field) can
modify the pressure perturbations and hence the tensor
perturbation equations. However, in our specific Lorentz
violating model, this is not the case.
Let us now specialize to the scalar perturbations. The
covariant components read
δgµν = a
2(η)
(
2φ −∂iB
−∂iB 2ψδij − 2∂i∂jE
)
. (B8)
Using the identities given in Eq. (A5), we get the con-
travariant components
δg00 =
−2φ
a2(η)
, δg0i =
∂iB
a2(η)
, δgij =
(2∂i∂jE − 2ψδij)
a2(η)
. (B9)
Using the fact that uµ is a unit vector, we have
δ(gαβuαuβ) = 0 =⇒ δu0 = aφ . (B10)
Using the form of the scalar perturbations Eq. (B8) and
the results obtained in Eq.(B7), we obtain the following
simple formula
δ(D2ϕ) = 1
a2
(
−1
a
ϕ¯
′
δij∂iδuj +∇2δϕ
)
. (B11)
Let us now turn our attention to the equation of motion
obeyed by the perturbations. Concerning the inflaton
field, the first two contributions to the formula given in
Eq. (A9) vanish and the result is
δeq1,ϕ =
2b11
a4
[
−∇4(δϕ) + 1
a
ϕ¯
′∇2(δij∂iδuj)
]
. (B12)
In the same way, we get
b11
1
a6
δµ0
(
10
a
′
a
(ϕ¯
′
)2δij∂iδuj − (2ϕ¯
′′
+ 8
a
′
a
ϕ¯
′
)a∇2δϕ
)
+ b11
1
a6
ηµν ϕ¯
′
(2a∇2∂νδϕ− 2ϕ¯
′
∂νδ
ij∂iδuj)− 21
a
δµ0 δλ
+ 4d1
1
a4
(ηρνησµ − ηρµησν)∂ν∂ρδuσ = 0 . (B13)
From the temporal index (µ = 0), we obtain the variation
of the Lagrange multiplier, i. e.,
δλ = 2d1
1
a3
δij∂j(δui)
′
+
b11
a5
[
aϕ¯′∇2δϕ′ − ϕ′2δij∂iδu′j
+ 5Hϕ′2δij∂jδui − a
(
ϕ′′ + 4Hϕ¯′
)
∇2δϕ
]
.(B14)
From the spatial indices µ = k, we obtain
b11
(
−2aϕ¯′∇2∂kδϕ+ 2(ϕ¯
′
)2δij∂k∂iδuj
)
(B15)
+ 4d1a
2
[
−δu′′k +∇2δuk + ∂k(aφ)
′ − ∂k∂iδui
]
= 0 .
Having these results, especially the variation of the La-
grange multiplier, we obtain the expression for the non-
vanishing component of the stress-tensor:
δT
(cor)
00 =
2b11
a2
(
5
H
a
ϕ′2∂iδui − 1
a
ϕ′2∂iδu
′
i (B16)
− (ϕ′′ + 4Hϕ′)∇2δϕ+ ϕ′∇2δϕ′) ,
δT u00 = −2a2δλ . (B17)
We now wish to express all the quantities in terms of
gauge invariant quantities. For the vector field, we have
δui = δu
(gi)
i − u0 ∂i(B − E
′
) . (B18)
The equation of the vector field now becomes
−b11
(
aϕ′∇2∂kδϕ(gi) − ϕ′2δij∂k∂iδu(gi)j
)
(B19)
+2d1a
2
(
−δu(gi)k
′′
+∇2δu(gi)k + ∂k(aΦ)′ + ∂k∂iδu(gi)i
)
= 0 ,
while for the inflaton one obtains
2V,ϕa
2Φ− 4ϕ′Φ′ + a2V,ϕϕδϕ(gi) + 2Hδϕ(gi)′ + δϕ(gi)′′ (B20)
−∇2δϕ(gi) + 2b11
a2
[
−∇4δϕ(gi) + 1
a
ϕ¯
′∇2δij∂iδu(gi)j
]
= 0 .
Similarly, we can obtain expressions for the stress-energy
tensor (53) interms of the gauge-invariant variables.
Until this point we have not assumed any specific form
of the spatial part of the perturbed unit-vector field. In
general, the time-dependent spatial components of the
perturbed u field can be expressed as a sum of irrotational
and solenoidal parts, i. e.
δui ≡ (∇ξ)i + (∇×̟)i . (B21)
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The irrotational part of the perturbed u field will con-
tribute to the scalar perturbations while the solenoidal
part of the perturbed u field contributes to the vector
perturbations. Since we are interested in the scalar per-
turbations, for the rest of the calculations, we ignore the
solenoidal part. Thus, we get
δu
(gi)
i = ∂iξ
(gi) . (B22)
Substituting this in the Einstein and the field equations,
we obtain Eqs. (53).
APPENDIX C: THE FOURTH ORDER
EQUATION
In this appendix, we provide key steps in obtaining the
equation of motion of Bardeen potential (Φ), in a general
FRW background, by combining Eqs. (55,56,57).
From the constraint equation we deduce that
δϕk =
2
3
M2pl
(
1
ϕ¯′
Φ
′
k +
H
ϕ¯′
Φk
)
. (C1)
Substituting this expression and its derivatives into the
equation of motion of δϕk, one obtains ξk, i. e.,
ξk =
Mpl
k2
(
Q3Φ
′′′
k +Q2Φ
′′
k +Q1Φ
′
k +Q0Φk
)
, (C2)
where
Q3 =
M2pl
3b11
a3
ϕ¯′2
1
k2
, Q2 =
M2pl
3b11
a3
ϕ¯′
[
2
(
1
ϕ¯′
)′
+
H
ϕ¯′
]
1
k2
,
Q1 =
[
M2pl
3b11
a3
ϕ¯′
((
1
ϕ¯′
)′′
+ 2
(H
ϕ¯′
)′
− 2 1
b11
a3
)]
1
k2
,
+
M2pl
3b11
a3
ϕ¯′2
+
2
3
M2pl
a
ϕ¯′2
k2 ,
Q0 =
[
M2pl
3b11
a3
ϕ¯′
(H
ϕ¯′
)′′
+
1
b11
a5
ϕ¯′
V¯,ϕ
]
1
k2
+
M2pl
3b11
a3
ϕ¯′2
H
+
2
3
M2pl
a
ϕ¯′2
H k2 . (C3)
Substituting the above expressions in the field equation
of the Bardeen potential, we get,
Φ
′′′′
k +X3Φ
′′′
k + (X2 + Y2k
2 + Z2k
4)Φ
′′
k (C4)
+ (X1 + Y1k
2 + Z1k
4)Φ
′
k + (X0 + Y0k
2 + Z0k
4)Φk = 0 ,
where
X3 =
ϕ
′2
a3
(
a3
ϕ
′2
)′
+ ϕ
′
[
2
(
1
ϕ
′
)′
+
H
ϕ
′
]
,
X2 =
ϕ
′2
a3
[
a3
ϕ
′
(
2
(
1
ϕ
′
)′
+
H
ϕ
′
)]′
+ ϕ
′
[(
1
ϕ
′
)′′
+ 2
(H
ϕ
′
)′]
− 6 1
M2pl
ϕ
′2 ,
Y2 =
3
2
b11
d1
ϕ
′2
a3
+ 1 , Z2 = 2b11
1
a2
,
X1 =
ϕ
′2
a3
[
a3
ϕ′
((
1
ϕ
′
)′′
+ 2
(H
ϕ
′
)′)
− 6 1
M2pl
a3
]′
,
Y1 =
ϕ
′2
a3
(
a3
ϕ
′2
)′
+H+ 3b11
d1
ϕ
′2
a3
(
H− ϕ
′′
ϕ
′
)
,
Z1 = 2b11
ϕ
′2
a3
[(
a
ϕ
′2
)′
+
a
ϕ
′2
H
]
, (C5)
X0 =
ϕ
′2
a3
[
a3
ϕ
′
(H
ϕ
′
)′′
+ 3
1
M2pl
a5
ϕ
′
V ,ϕ
]′
,
Y0 =
ϕ
′2
a3
(
a3
ϕ
′2
H
)′
+ 3
b11
d1
ϕ
′2
a3
(
H′ −Hϕ
′′
ϕ
′
)
,
Z0 = 2b11
ϕ′
2
a3
(
a′
ϕ′
2
)′
+
3
2
b11
(
1
d1
− 2 1
M2pl
)
ϕ
′2
a3
.
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